Abstract: Although commonly used, no design method is available for steel web tapered tee section cantilevers. This paper investigates the bending stresses of such beams. Relationships between the maximum compressive stress and the degree of taper were investigated. An analytical model is presented to determine the location of the maximum stress when subjected to a uniformly distributed load or a point load at the free end and was validated using finite element analysis and physical tests. It was found that the maximum stress always occurs at the support when subjected to a uniformly distributed load. When subjected to a point load at the free end and the degree of taper is up to seven, it was found that Miller's equation could be used to determine the location of the maximum stress. However, it is shown that when the degree of taper is greater than seven, Miller's equation does not accurately predict the location and the analytical model should be used. It was also found that the location of the maximum stress was solely dependent on the degree of taper, while a geometric ratio, was required to determine the magnitude of the maximum stress. A simple method that predicts the magnitude of the maximum stress is proposed. The average error in the prediction of the magnitude of the maximum stress is found to be less than 1.0%.
Introduction


Steel web tapered cantilevers are used because of their aesthetic features and lightweight. They are structurally efficient because the web is tapered along the beam to closely match the variation of the bending moment of the beam. The depth of the beam is largest at the fixed support, where its bending moment is greatest and gradually decreases towards the free end.
Although steel web tapered tee cantilevers are commonly used, neither Eurocode 3 nor BS 5950 provides a design method for such beams. In BS 5950 [1] , some design rules exist for untapered tees and tapered beams whose cross-sections are other than tee sections. The majority of the existing literature deals with the lateral torsional buckling capacities of tapered I-beams [2] [3] [4] [5] [6] or tapered channels [3] . Tapered tee cantilevers were studied by Fischer and Smida [7] and Yuan et al. [8] . However, their study dealt with the instabilities of the beams.
The design of tapered rectangular levers with a point load at the tip was studied by Miller [9] . Miller pointed out that the location of the maximum bending stress of the tapered levers moved away from the support as the degree of taper was more than two and determined the location of the maximum stress as follows:
where, h and h' are the depths of the beam at the support and the tip, respectively, and x' is the distance from the tip and L is the cantilever length.
Eq. (1) can be rearranged using the distance from the support, x (x = L  x') as follows: However, Miller's study was limited to rectangular cross-sections and the stress patterns for other cross-sections may differ. In a study with tapered I-beams [2] , the maximum stress, hence the plastic hinge, of the tapered I-beam cantilevers occurred away from the support when the degree of taper was high. However, the location of the maximum stress was not quantified.
This paper investigates the bending stresses of steel web tapered tee section cantilevers. Cantilevers with various degree of taper were analyzed. The stress pattern along the beam is identified and the location and magnitude of the maximum bending stress are discussed and simple methods are suggested to predict the latter two.
Web Tapered Tee Cantilevers
In the absence of design guidance, a conventional, yet onerous, analysis may be used for the design of web tapered tee cantilevers. The resistance and stiffness of such beams may then be checked along the tapered beam using the section properties at each point [10] . The bending stress of a tapered beam may be calculated using the following well known equation:
where, σ is the bending stress on any fibre at a distance y from the neutral axis, M is the bending moment and I is the second moment of area about the neutral axis.
Bending Stresses
As the cross-section of a tee is mono-symmetric and the neutral axis lies towards the flange, the compressive stress is more critical than the tensile stress. Fig. 1 shows the theoretical (using Eq. (3)) compressive stress along the beam relative to that at the support. A 152 kg/m × 229 kg/m × 34 kg/m tee section cut from a 457 × 152 × 67 UKB was used. The dimensions of the cantilever beams are given in Table 1 . Five cases distinguished by the degree of taper (h/h') were analyzed. The degree of taper, h/h' is defined by the ratio of the depth at the support (h) to that at the tip (h'), as shown in Fig. 2 .
When subjected to a uniformly distributed load the maximum compressive stress always occurs at the support regardless of the degree of taper, as shown in Fig. 1a . While the location of the maximum stress changes, depending on the degree of taper when subjected to a point load at the tip, as shown in Fig. 1b .
For a cantilever with a tip point load the stresses in the untapered section decrease linearly towards the tip, with the maximum at the support, due to the constant value of the section modulus. On the other hand, the stresses in the tapered sections do not decrease linearly towards the tip because of the different values of the section modulus along the beam due to the taper. It should be noted that as the degree of taper increases, the location of the maximum compressive stress moves towards the tip, as shown in Fig. 1b . This indicates that the maximum stress does not always occur at the support in tapered tees, even if the maximum bending moment occurs at the support, and therefore the plastic hinge is likely to be formed away from the support. This point was also noted in tapered I-beams [2] and tapered levers with rectangular cross-sections [9] . The maximum compressive stresses of the 3:1, 4:1 and 5:1 tapered beams are 1.1, 1.3 and 1.5 times more than that of the untapered one, even though the maximum bending moment is the same for all cases. This should be considered in the design of tapered tee cantilevers.
The Location of the Theoretical Maximum Bending Stress
It would be beneficial for designers to determine the location and magnitude of the maximum compressive stress of tapered cantilevers. The latter is discussed in the following section.
Consider a web tapered tee-section cantilever subject to a uniformly distributed load and a concentrated load at its free end, as shown in Fig. 3 . Let x be the longitudinal axis of the beam, y and z be the cross-sectional axes parallel to the web and flange, respectively. For convenience, the origin of coordinates was chosen to be the centroid of the section. Due to the tapering of the web, the section properties of the beam are a function of the coordinate x and can be expressed as follows:
where, y is the distance from the top of the section to the neutral axis, I z is the second moment of the cross-sectional area about the z-axes, b f is the flange width, t f is the flange thickness, b wo is the web depth at the support (x = 0), t w is the web thickness and α is the tapering angle. For a beam subject to a uniformly distributed load and a concentrated load at its free end M z can be expressed as follows:
where, P and q are the concentrated and uniformly distributed loads, respectively, x is the distance from the fixed support and l is the cantilever length, as shown in Fig. 3 .
The compressive stress, σ zC of the beam then can be determined as follows:
Differentiating Eq. (7) with respect x and equating it to zero yields a value for the location of the maximum stress.
However, it is difficult to drive an exact formula in 4 shows that when subjected to a point load at the tip, the maximum compressive stress will always be at the support for a tapered tee section cantilever whose tapering ratio (h/h') is less than or equal to two. This agrees with Miller's study [9] even though the two cross-sections are different. Miller's equation can be used to determine the location of the maximum stress of a tapered tee-section cantilever whose tapering ratio is greater than two and up to seven. When the degree of taper is greater than seven, Miller's equation diverges from the rest of the two data sets, as shown in Fig. 4 .
When the degree of taper is greater than seven, Eq. (8) should be used to determine the location of the maximum stress.
The Magnitude of the Theoretical Maximum Bending Stress
Knowledge of the location of the theoretical maximum bending stress is very useful. However, the
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Cantilever tip magnitude of this stress still needs to be calculated. Achieving this requires the onerous recalculation of the location of the neutral axis and the second moment of area. Table 2 shows the relationship between the ratios of the maximum bending stress to the stress at the support, ψ and the degree of taper. 15 UK tee sections cut from UK Universal Beam sections were used. Table 2 is plotted in Fig. 5 (using a line of best fit for each tapering ratio). It was found that the stress ratio, ψ is determined by the geometric ratio, β at the support:
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where, h is the height of the section and b f is the width of the flange, and t w and t f are the thickness of the web and flange, respectively.
The higher value of β a section has, the lower value of ψ. The lowest and highest β values hence represent the upper and lower curves respectively in Fig. 5 . A high value of β means that the web is dominant and a low value of β means that the flange is dominant. 
Finite Element Analyses
Prior to the experimental work a FEA (finite element analysis) was carried out to predict the stress patterns and stiffness of a web tapered tee cantilever. The same sections used in the experiments and also in Section 2.1 were analyzed. A 152 × 229 × 34 tee section cut from a 457 × 152 UKB67 was modeled in three dimensions using a finite element analysis software program, LUSAS [11] . An eight node thin shell element was used. Five cantilevers whose support to tip depth ratios of 1:1, 2:1, 3:1, 4:1 and 5:1 were analyzed. Fig. 7 shows the bending stresses along the beam when a point load of 15 kN was applied at the tip.
It should be noted that as the degree of taper increases, so does the area of compression in the web, as shown in Fig. 7 . As expected, the location of the maximum stress is away from the support for the 3:1, 
Experimental Work
A total of six cantilever beams were tested in the Heavy Structures Laboratory at Plymouth University. Three sets with support to tip depth ratios of 1:1, 2:1 and 3:1 were prepared with two identical beams in each set. To simulate a cantilever, two tee beams were connected to each side of a column using extended end plates and an equal load was applied to each cantilever simultaneously, as illustrated in Fig. 8 . Fig. 9 shows one side of this test arrangement. The beams were inverted, i.e., the top flange was down, so that loading could be applied from the floor using a hydraulic jack, as shown in Fig. 9 .
The bending strains along the beam were measured using 6 uni-directional strain gauges. The locations of the gauges are shown in Fig. 2 . Three more strain gauges were installed at the mid-span, and 100 mm before and after the mid-span of the 3:1 tapered beams in order to determine the location and the magnitude of the maximum stress. The deflections of the beams at the tip were also measured. 
Results and Discussion
The Location of the Maximum Bending Stress
It is often assumed that the maximum bending stress of a tapered cantilever lies at the support where the maximum moment occurs. However, due to varying geometric section properties along the length of the beam, the maximum bending stress may not occur at the support and is in fact dependent upon the degree of taper and the applied loading type. When a UDL is applied the maximum stress always occurs at the support, as shown in Fig. 1a , while a point load at the tip is applied, the location of the maximum stress depends on the degree of taper, as shown in Fig. 1b .
It was found that when subjected to a point load at the tip and the degree of taper is greater than two and up to seven, Miller's equation could be used to determine the location of the maximum stress. This could be because a tee section has no bottom flange and only its web is affected by taper. Hence, the cross-section of the tee can be regarded as being rectangular. When the degree of taper is greater than seven, Miller's equation does not accurately predict the location of the maximum stress, as shown in Fig. 4 . The difference is as much as 5% when the degree of taper is 12. 5% could be crucial for long beams. The difference could be due to the fact that Miller's equation is based on rectangular cross-sections, while the other two on tee sections. As the degree of taper increases, the cross-sectional area of the web towards to the tip becomes relatively small, compared with that of the flange. Miller's equation ignores the latter. Eq. (8) should be used to determine the location of the maximum stress.
It should be noted that the location of the maximum stress of a tapered tee-section cantilever subject to a point load at the tip is governed by the degree of taper, as shown in Fig. 4 . Neither the length of the cantilever nor the magnitude of the point load has an effect upon the location of the maximum compressive stress. Section designations have little influence on the location, as shown in Fig. 10 . It should also be noted that Eq. (2) and Fig. 4 are only valid for web tapered tee cantilevers with a point load at the tip and when the support depth is bigger than the tip depth.
The bending stresses of all six beams from the experiment are presented in Fig. 11 . As expected, the stress patterns resemble those in Fig. 1b . The maximum stress occurs at the support for the untapered and 2:1 tapered beams, while it moves away from the support for the 3:1 tapered beams. Using Eq. (2) the predicted position, x/L of the maximum stress of the More tests with cantilevers with higher degrees of taper should be carried out in order to test Eq. (2).
The Comparison of the Experimental Bending
Stresses with the Theory and the FEA 
The Validation of the Method Determining the Magnitude of the Maximum Stress
The proposed method for determining the magnitude of the maximum stress was validated. 5 UK tee sections were randomly chosen. These are not included in Table   2 . Table 3 compares the values of ψ using Fig. 5 with stress ratios using the theory for 3:1 tapered beams.
The errors of the proposed method are less than 1%.
Conclusions
The bending stresses of steel web tapered tee-section cantilevers have been investigated. The cross-sectional properties of such beams vary along the length and therefore the highest stress may not always occur at the support. The bending stresses of such beams depend on the degree of taper and the moment gradient. In design, the bending stresses should be checked not only at the support, but also along the beam. The location of the maximum compressive stress for various degrees of tapered cantilevers was identified. It has been found that when a UDL was applied, the maximum stress always occurs at the support.
When a point load was applied at the tip, it was found that the maximum stress is always at the support for tapered tee cantilevers, whose tapering ratio (h/h') was less than or equal to two. It was also shown that as the degree of taper increased, the location of the maximum stress moved towards the cantilever tip and the magnitude of the stress also increased. It has also been found that Miller's equation (Eq. (2)) can be used to determine the location of the maximum stress of a tapered tee section cantilever whose tapering ratio is greater than two and up to seven. Here, it should be noted that the location of the maximum stress is solely influenced by the degree of taper. When the degree of taper is greater than seven, Miller's equation is not suitable and Eq. (8) should be used to determine the location of the maximum stress. The determination for the location of the maximum stress can be summarized in Eqs. (10) A method for determining the magnitude of the maximum bending stress was proposed. It was found that the ratio of the maximum stress to the stress at the support, ψ is determined by the geometric ratio at the support, β, Eq. (9). The proposed chart, Fig. 5 can predict the stress ratio within 1% error.
